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In the framework of the QCD string approach it is shown that the spin-averaged masses M¯ (nL) of all
low-lying light mesons are well described using the string tension s as the only parameter. The Regge slope aL8
and the intercept aL(0) of the Regge L trajectory for M¯ (nL) are calculated analytically and turn out to be
aL850.80 GeV22 ~for L<4) and aL(0)520.34, in good agreement with the experimental data: aL expt8
50.8160.01 GeV22, aL expt(0)520.3060.02. To obtain this strong agreement with the data the nonpertur-
bative quark self-energy contributions to the meson masses must be taken into account, which appear to be
large and negative for small values of L, and are important for a close fit even for larger values of L. From the
present analysis of the meson spectra the restriction as<0.40 on the strong coupling constant is required.
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The spectra of hadrons form an extremely important test
ground for nonperturbative QCD. The scaling property of
QCD tells us that in the end all characteristics of hadrons
must depend on a single parameter, say, s or LQCD . Until
now, all calculations of hadronic spectra with an accuracy
comparable to the uncertainties in the experimental data have
relied on models that contain several, in some cases even
many, parameters. Here we adopt the formalism that uses the
QCD string Hamiltonian which relies on only one parameter,
the string tension s , while, for light mesons, the interactions
derived from perturbative QCD, both static and spin depen-
dent, can be considered as a perturbation. The string tension
can be extracted from experiment, in particular from the
slope of the leading Regge trajectory, and in the present pa-
per we use it to describe the orbital excitations of light me-
sons.
The QCD string approach developed in recent years @1–3#
starts from first principles, i.e., from the Euclidean QCD La-
grangian. In Ref. @2# the relativistic Hamiltonian HR for the
light mesons with spinless quarks was derived under several
verifiable assumptions.
First, string excitations ~hybrids! are not taken into ac-
count, since there is a large gap, ;1 GeV, between a me-
sonic ground state and its gluonic excitation @4#. Without this
approximation one obtains a matrix multichannel Hamil-
tonian @5#. Therefore the ground states of the mesons with
not too large orbital momentum (L<5) can be treated in the
closed channel approximation.
Second, the relativistic Hamiltonian HR used here is de-
rived in the quenched approximation, where creation of qq¯
pairs ~sea quarks! is neglected. The accuracy of this approxi-
mation for low-lying states is expected to be approximately
10% @1#, while high radial and orbital excitations can be
strongly affected by qq¯ pair creation @6#.
Third, to derive the Hamiltonian HR only forward-in-time
quark trajectories were taken into account while backward0556-2821/2002/66~3!/034025~12!/$20.00 66 0340trajectories of a quark ~antiquark! were neglected. The accu-
racy of this approximation was checked by comparing meson
spectra of the center-of-mass Hamiltonian HR and light-cone
Hamiltonian HLC , since in the latter case backward-in-time
trajectories do not contribute @7#. This comparison has shown
that the differences in meson masses for these Hamiltonians
are not larger than 10% for all mesons with the exception of
the pion, which receives a large contribution from backward-
in-time trajectories corresponding to negative energy compo-
nents, and for them the formalism should be modified. In the
Hamiltonian used chiral effects are not taken into account.
Under these assumptions and with the use of the Fock-
Feynman-Schwinger ~FFS! representation, the Green’s func-
tion G of a meson with a spinless quark and antiquark can be
written in a gauge invariant way as a functional integral with
the action A @2#:
G5E
0
‘
dsE
0
‘
ds¯ Dz Dz¯ exp~2A !,
A5K1K¯ 1sSmin , ~1.1!
where in the action ~1.1! the only approximation made is that
the vacuum average over the Wilson loop ^W(C)& is taken in
the form of the minimal area law, viz.,
^W~C !&5const3exp~2sSmin!. ~1.2!
The accuracy of this approximation is determined by the
condition
R@Tg , ~1.3!
where R is the size ~e.g., the rms radius! of the meson and Tg
is the gluonic ~vacuum! correlation length which determines
how the vacuum correlators decrease as a function of the
separation r between the quark and the antiquark. The value
of Tg was calculated on the lattice @8# and in the quenched
case was found equal to ;0.15–0.20 fm, i.e., it is much©2002 The American Physical Society25-1
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R(nL)>0.8 fm. Note that the condition ~1.3! is also valid
for most excited heavy-light mesons and even in heavy
quarkonia, where, e.g., R(1P ,cc¯ );R(2P ,bb¯ );0.65 fm.
In the general case the approximate area law can be re-
placed by the exact qq¯ interaction which contains a linear
confining part for distances satisfying Eq. ~1.3! but should be
modified at smaller distances, being fully determined by a
bilocal field correlator. In the action A ~1.1! K and K¯ are the
quark ~antiquark! kinetic energy terms written in the FFS
representation:
K5E
0
sFm21 14z˙~t!a2 Gdt ,
K¯ 5E
0
sFm21 14 zG~t!a2 Gdt , ~1.4!
where m is the current mass of a quark, t is the proper time
introduced by Schwinger @9#, and z(t) and z¯(t) are the paths
of the quark and antiquark.
To define the Hamiltonian one can use the connection
between the meson Green’s function and the Hamiltonian H:
]G/]T52HRG , ~1.5!
where the Hamiltonian can be determined on any hypersur-
face, i.e., H can be derived in different frames. Here we shall
use the Hamiltonian obtained in the c.m. frame, while in Ref.
@7# the Hamiltonian was derived in the light-cone frame.
In order to use the relation ~1.5! in Euclidean space-time
it is of great importance to go over from the proper time t to
the actual time t[z4 of a quark ~antiquark!. Doing so the
new quantity m(t) is introduced:
2m~ t !5]t/]t . ~1.6!
After perfoming the canonical quantization the variable m
~being a canonical coordinate! will define the constituent
mass of a quark. The last term in the action ~1.1! has the
form of the Nambu-Goto string:
Smin5E
0
T
dtE
0
1
dbAdet g , ~1.7!
where gab5]awa]bwa with a ,b5t ,b and wa(t ,b) are the
coordinates of the string world surface. In Refs. @2# the string
was approximated by a straight line connecting the path co-
ordinates za(t) and z¯a(t) and in this case
wa~ t ,b!5za~ t !b1z¯a~ t !~12b!, 0<b<1. ~1.8!
Because of the presence of the square root in Smin in Eq.
~1.7! this term cannot be quantized and to get rid of it one
can introduce two auxiliary fields n(t ,b) and h(t ,b) in the
standard way as is done in string theory @10#.03402By definition the introduction of the auxiliary fields is
accompanied by the additional integration over Dm ,Dn ,Dh
in the functional integral defining the meson Green’s func-
tion,
G5E Dm Dn Dh DRa Dra exp~2A !, ~1.9!
where the ‘‘center-of-mass’’ coordinate Ra and the ‘‘rela-
tive’’ coordinate ra are introduced instead of the path coor-
dinates za and z¯a .
As shown in Refs. @2# the integrations over Dh and DRa
can be performed analytically in the integral ~1.9! and after
that the Green’s function has a simpler form, viz.,
G5E Dm Dn Dr exp~2AR!. ~1.10!
As the next step instead of performing the integration
over Dm and Dn in the integral ~1.10! one can use an
equivalent procedure—to go over to the canonical quantiza-
tion of the Hamiltonian HR which corresponds to the action
AR . This Hamiltonian in Minkowski space-time is obtained
from AR in a standard way @2,10# and is taken as a starting
point in our analysis @see Eq. ~3.1!#.
The quantization of HR has been performed in two cases:
the quasiclassical quantization of HR for large orbital mo-
menta L ,L@1, in Ref. @11# and for not too large L in Refs.
@2#. Here we are interested only in orbital excitations with
L<4 and in this case the Hamiltonian HR can be presented
as the sum
HR5HR
(1)1DHstr , ~1.11!
where the term DHstr is relatively small for L<4 and can be
considered as a perturbation. Then the problem reduces to
the quantization of the simpler Hamiltonian HR
(1) which can
be easily done ~see Secs. III and IV!. At the final stage we
obtain the surprising result that after quantization the unper-
turbed Hamiltonian H˜ R
(1) coincides with the Hamiltonian
used in the relativistic potential model ~RPM! @12,13#. In this
way ~for states with L<4) the connection between the QCD
string Hamiltonian HR
(1) and the RPM is established and we
can also calculate the corrections, which are absent in the
RPM.
The first correction Dstr , called the string correction,
comes from the term DHstr in Eq. ~1.11!; it is negative and
varying from a value of about 250 MeV for L51 to about
2150 MeV for L54.
A second correction to the meson mass, DSE , is due to the
spin ~color magnetic moment! interaction of a quark ~anti-
quark! with the external ~vacuum! field when the operator
sabFab is inserted in the Wilson loop. The form of this
operator is
sab5
1
4 ~gagb2gbga!. ~1.12!5-2
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2(L) and M 02(approx)58L13ps for the ground states (n50) with L
<6 (s50.18 GeV2).
L 0 1 2 3 4 5 6
M 0
2(nL) 1.7940 3.2126 4.6431 6.0777 7.5142 8.9518 10.3900
8Ls13ps 1.696 3.1365 4.5765 6.0165 7.4565 8.8965 10.3365
Difference 5.4% 2.3% 1.4% 1.0% 0.77% 0.62% 0.5%This nonperturbative self-energy correction was analytically
calculated in Ref. @14# with the use of the FFS representation
for the quark Green’s function. DSE is negative and has a
rather large magnitude ~of the order of 2400 MeV to
2300 MeV) for all states with L<4, slightly decreasing
with growing L. Owing to this correction the correct value of
the Regge intercept was obtained.
We use here the current quark mass m50 and due to the
procedure of canonical quantization the constituent mass of a
quark can be defined in a rigorous way as the canonical
coordinate m which is equal to the quark kinetic energy. It is
of interest to note that the final expression of the Hamil-
tonian H˜ R
(1) does not contain the constituent mass at all.
However, the constituent mass m must be defined since it
explicitly enters those terms in the Hamiltonian, like the
spin-dependent and self-energy terms, which are considered
as a perturbation.
Here we consider in detail the spin-averaged meson
masses M¯ (nL), or the centers of gravity of the nL multiplets
~i.e., we neglect the hyperfine and fine-structure splittings!
for which the physical picture is simpler and at the same time
more universal since the parameters do not depend on spin
and isospin.
We concentrate mostly on the orbital excitations with n
50 for which experimental data exist for all ground states
with L<5. Then for the linear confining potential sr all
meson masses M¯ (nL) can be expressed through a single
parameter—the string tension s . The values of the slope and
the intercept of the Regge L trajectory (L<4) will be
calculated analytically: their numerical values aL8
50.80 GeV22 (s50.18 GeV2) and aL(0)520.34 turn
out to be in very good agreement with the experimental num-
bers. From the Regge slope a restriction on the admissible
values of the string tension follows: s50.1860.005 GeV2
for the pure linear potential and s50.1960.01 GeV2 if the
Coulomb interaction is taken into account.
The Coulomb contribution is mainly important for the 1S
and the 1P states having values in the range 2200 to
2100 MeV, and is considered here in a twofold way: from
exact calculations with the linear plus Coulomb potential and
also when the Coulomb interaction is considered as a pertur-
bation; both considerations give very close results. For s
50.19 GeV2 the QCD coupling is as50.39 which is typical
for heavy quarkonia, and from our analysis of the meson
spectra the following restriction on the strong coupling as
<0.42, is obtained. This number is in good agreement with
the two-loop value of the freezing coupling constant ob-
tained in background field theory @15#.03402II. EXPERIMENTAL DATA
The experimental numbers for the spin-averaged masses
M¯ (L), or the centers of gravity of the 1L multiplet ~the
ground states with n50), are presented in Table I and need
some remarks.
First, all members of the 1 3PJ multiplet are supposed to
be known: a2(1318), a1(1235), and the a0(980) too, are
considered to form the 1 3P0 multiplet with M¯ (1P)
51252 MeV. Similarly, for the f J(1P) mesons the spin-
averaged mass is 1245 MeV @16#.
Second, in the case of L52, the fine-structure splittings
of the 1D-wave mesons are supposed to be suppressed as
compared to the P-wave states @17#. As a result, for all mem-
bers of the 1 DJ multiplet, e.g., the r3(1.69) and p2(1.67),
their masses are very close to each other and one can expect
that the true value of M¯ (1D) lies between these two values.
The same would be valid for the isoscalar mesons, if they
were not mixed with other hadronic states, and just this situ-
ation is observed in experiment where the masses of the
v3(1.67) and the v(1.65) have values close to the corre-
sponding isovector mesons @16#.
Because of the suppression of the matrix elements ~ME!
such as ^1/r3& the spin splittings for the higher orbital exci-
tations such as 1F , 1G , etc., should be even smaller than for
the 1D mesons. Therefore the masses of the a4(2.01) and
the f 4(2.03) are supposed to be close to M¯ (1F) and also the
masses of the r5(2.30) with L54, and a6(2.45) and
f 6(2.47) with L55, lie close to their centers of gravity. The
masses of all orbital excitations (n50) can be nicely de-
scribed by the Regge L trajectory ~see Fig. 1!
FIG. 1. The Regge L trajectory for the light mesons.5-3
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or
L50.81M¯ 2~L !20.30 ~2.2!
with the following Regge slope and intercept:
aL expt8 50.8160.01 ~GeV2!
and
aL expt~0 !520.3060.02 ~L<4 !, ~2.3!
and both values have a small experimental error.
Note that for the leading r trajectory
J5aJ8M 2~J !10.48 ~2.4!
the slope aJ850.88 GeV22 and the intercept aJ(0)50.48
are larger since their values depend on the spin contributions.
On the contrary, the L trajectory is a universal one and in the
approximation of closed channels it is the same for isovector
and isosinglet mesons.
In our paper the meson masses, Regge slope, and Regge
intercept will be calculated analytically in the framework of
the QCD string approach.
III. RELATIVISTIC HAMILTONIAN
We start with the Green’s function Eq. ~1.10! which is
obtained after performing two integrations DhDR in the
functional integral, so in the Green’s function there are still
three integrations left: over the two auxiliary fields m(t) and
n(t) and also over the separation r between a quark and an
antiquark, ra5za(t)2z¯a(t). The explicit expression of this
action AR was obtained in Refs. @2# and the dependence of
AR on m and n turns out to be rather complicated. Therefore
it is more simple and convenient to go over to the equivalent
procedure—canonical quantization of the Hamiltonian HR ,
which corresponds to the action AR in Eq. ~1.10!:
HR5
pr
21m2
m~t!
1m~t!
1
LW 2
r2
Fm~t!12E
0
1
dbn~b!S b2 12 D
2G21
1
1
2 s
2r2E
0
1 db
n~b!
1
1
2E0
1
dbn~b#). ~3.1!
By definition the field operator m(t) is
m~ t !5
1
2
dt
dt , ~3.2!
where t is the actual time.
In Eq. ~3.1! m is the current quark mass, which for a light
quark ~antiquark! will be taken equal to zero; LW is the orbital03402angular momentum, LW 5rW3pW , and the operator pr
2
5(pW rW)2/(r2). Canonical quantization of HR @Eq. ~3.1!# has
not been done in general, but was performed in two cases:
first when the orbital momentum L@1 ~the quasiclassical
quantization in Ref. @11#!, and for relatively small L<4
which will be considered here. The constant s determining
the nonperturbative potential is the string tension.
It is convenient to rewrite HR as a sum of two terms:
HR5HR
(1)1DHstr , ~3.3!
with the ‘‘unperturbed’’ Hamiltonian HR
(1) defined by
HR
(1)5
pW 21m2
m~ t !
1m~ t !1
1
2 s
2r2E
0
1 db
n~b!
1
1
2E0
1
dbn~b!, ~3.4!
where in HR
(1) we have included the term L2/(mr2) and sub-
tracted the same term to give the string correction DHstr ,
DHstr52
LW 2
r2 F 1m~ t ! 2 1m12E
0
1
dbn~b!S b2 12 D
2G
52
LW 2
mr2
2E
0
1
dbn~b!S b2 12 D
2
m12E
0
1
dbn~b!S b2 12 D
2 . ~3.5!
If L is not large, then the term DHstr appears to be rela-
tively small and can be considered as a correction to the
Hamiltonian HR
(1) @11# but for large L the representation of
HR as the sum Eq. ~3.3! is of no use, since in this case both
terms are equally important. Note that to get the expression
~3.4! one needs the following definition:
pW 25pr
21
LW 2
r2
. ~3.6!
The simplest Hamiltonian H0 with L50 is a special case of
HR ~or HR
(1)) with pW 2 replaced by pr2 .
Since DHstr is considered as a perturbation, the canonical
quantization needs to be performed only with the Hamil-
tonian HR
(1)
, which can be easily done, since the latter can be
presented as the sum of the kinetic energy operator Hˆ kin
which depends on m and Vˆ pot which depends on n:
HR
(1)5Hˆ kin~m!1Vˆ pot~n!. ~3.7!
The variables m and n are the canonical coordinates while
the momenta pm and pn canonically conjugated to m and n
turn out to be equal to zero, since HR
(1) ~as well as HR) does
not depend on the derivatives m˙ and n˙ . Hence it follows that
p˙ m5]HR
(1)/]m50, p˙ n5]HR
(1)/]n50. ~3.8!5-4
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functional integral Eq. ~1.10! and subsequently deriving the
Hamiltonian H˜ R
(1)
, one can obtain this Hamiltonian from
HR
(1) @Eq. ~3.4!# with the use of the extremum conditions Eq.
~3.8!. The equivalence of these two procedures was explicitly
illustrated in the third paper of Ref. @2# for the kinetic part in
Eq. ~3.7!:
Hˆ kin~m!5
pW 21m2
m2
1m~ t !. ~3.9!
For this Hamiltonian the explicitly calculated Green’s func-
tion for the free particle is
G05E DzW~ t !DpW expF iE
0
T
~pW zW˙2ApW 21m2!G ~3.10!
which is just the canonical representation of the Green’s
function with the free Hamiltonian
H05ApW 21m2. ~3.11!
IV. THE EXTREMAL VALUES OF THE OPERATORS
µ AND n
To understand the physical meaning of the auxiliary fields
m(t) and n(t) let us find their extremal values. First, in the
Hamiltonian HR we determine the variable n(b) from the
extremum conditions ~3.8!:
dHR
(1)
dn~b!
50,
dHR
(1)
dm~ t !
50. ~4.1!
Then one finds that n(b), which is an operator in general,
does not depend on the string parameter b and is equal to
n0~b!5sr , ~4.2!
i.e., it is actually the energy density along the string.
With the use of Eq. ~4.2! the Hamiltonian HR
(1) reduces to
a simpler operator:
HR
(1)5
pW 21m2
m~ t !
1m~ t !1sr , ~4.3!
where m(t) is still an operator in the Hamiltonian formalism.
Its extremum can be found from the second extremum con-
dition ~4.1!:
m~ t !5ApW 21m2, for HR(1) ,
m0~ t !5Apr21m2, for H0 , ~4.4!
i.e., the extremal value of m is one-half the kinetic energy
operator. Note that after canonical quantization the ‘‘coordi-
nate’’ m is already independent of time. Substituting it into
the Hamiltonian HR
(1) one obtains
H˜ R
(1)52ApW 21m21sr , ~4.5!03402giving rise to an eigenvalue equation that is identical to the
spinless Salpeter equation ~SSE! with a linear potential
H˜ R
(1)c~nL !5M 0~nl !c~nL !. ~4.6!
This equation has been used in the RPM for many years
@12,13# and the only difference is that in the Hamiltonian
H˜ R
(1) in Eq. ~4.6! we must use the current quark mass m since
just the current mass enters the meson Green’s function (m
50 for the light mesons! while in the RPM m5 0 is usually
used, e.g., in Ref. @13# m5(mu1md)/25220 MeV.
V. THE CONSTITUENT QUARK MASS
Although the constituent mass m is not explicitly present
in H˜ R
(1)
, it enters many important physical characteristics like
the spin splittings and magnetic moments, and also into the
string and self-energy corrections; therefore it must not be
left in as an operator. The simplest way to solve this is to
define m0 as the expectation value of one-half the quark ki-
netic energy operator Eq. ~4.4!: i.e.,
m0~nL !5^ApW 21m2&nL . ~5.1!
Note that the eigenvalues M 0(nL) in Eq. ~4.6! for the linear
potential sr are connected to m0 as follows:
M 0~nL !54m0~nL !. ~5.2!
The values of m0 can be expressed through a single
parameter—the string tension s—and the universal numbers
a(nL) given by
m0~nL !5Asa~nL !. ~5.3!
This relation is a manifestation of the scaling property of the
SSE in the case m50.
Another definition of the constituent mass, denoted by m˜ 0,
was used in Refs. @1,3# in the so called ‘‘einbein approxima-
tion’’ ~EA! where the second extremum condition in Eq.
~3.6! is written not for the operator HR
(1) but for the eigen-
values M 0(nL). A priori it is not clear whether in both defi-
nitions the extremal values m0(nL) and m˜ 0(nL) coincide or
not; therefore let us compare them. In the EA Eq. ~4.6! is
rewritten as
F pW 21m2
m˜ ~ t !
1srGc˜ 5«~nL !c˜ , ~5.4!
with
«~nL !5S s2
m˜
D 1/3A~nL !; ~5.5!
i.e., it reduces to the Airy equation with «(nL)5M 0(nL)
2m˜ and the quantities A(nL) in Eq. ~5.5! are the zeros of
the Airy function. The constituent mass m˜ 0(nL) is now de-
termined by the condition5-5
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dm˜
1150 ~m50 !. ~5.6!
Then from Eqs. ~5.5!,~5.6! one obtains that
m˜ 0~nL !5AsS 13 A~nL ! D
3/4
5Asa˜ ~nL !. ~5.7!
To compare m0(nL) and m˜ 0(nL) one can use the numbers
presented in Appendix A ~see Tables VII and VIII! from
which the corresponding universal numbers a(nL) and
a˜ (nL) can be determined.
The largest difference between m0(nL) and m˜ 0(nL) was
found for S waves and increases with growing radial quan-
tum number n from 5% for the 1S state to 7% for the 5S
state. However, this difference falls with increasing L, being
only 1.7% for L55 (n50). So m0 and m˜ 0 are numerically
very close. In contrast to the eigenvalues M 0(nL) for the
Salpeter and Airy equations a large difference is found be-
tween some matrix elements like ^1/r3& ~for any L5 0)
which define the fine-structure splittings. This difference can
be as large as 30–50 % in some cases ~see Tables VII and
VIII below!. Moreover, while for the SSE these ME’s are
growing, they are slightly decreasing for the Airy equation. It
is worth noticing that these differences between the ME’s
would be much larger if a fixed constituent mass, as in po-
tential models, were used.
The reason behind such discrepancies may be connected
with the different asymptotic behavior of the wave function
~WF!. For the SSE ~4.5! it falls as exp(2Asr) @18#
while for the Airy equation ~5.4! the WF decreases as
exp(2Am˜ 0sr3/2). Therefore the definition ~4.4! of the con-
stituent quark mass as well as the calculations of the ME’s
with the use of the unperturbed Hamiltonian H˜ R
(1) have to be
considered as preferable compared to the EA.
Note a useful relation between the ME’s:
^sr&52m0~nL ! ~5.8!
and
^1/r&5As^1/r&nL , ~5.9!
where ^1/r& is independent of s but does depend on the
quantum numbers.
It is worthwhile to discuss some common features and
differences between the QCD string approach used here and
the RPM, which was an essential step in our understanding
of hadronic spectra.
First of all we have shown that the Hamiltonian used in
the RPM is more than a model one, as it can be deduced
from the meson Green’s function in QCD for not too large
angular momenta L, assuming that the string correction com-
ing from the part DHstr @Eq. ~3.5!# is neglected or considered
as a perturbation.
However, in the QCD string approach the mass m must be
the current quark mass, since just the current mass enters the
meson Green’s function in the FFS representation. In par-03402ticular, for light quarks m50 and for the strange quark ms
5140–160 MeV are taken @3#, while in the RPM m5(ms
1md)/25220 MeV, ms5465 MeV are taken in @13#.
Since in the QCD string approach the Hamiltonian as well
as the string and self-energy corrections are calculated with
the use of just the same FFS representation, the whole pic-
ture is simplified and the spin-averaged mass can be ex-
pressed through the only parameter—the string tension s .
The constituent mass of a quark does not enter the final
form of the Hamiltonian Eq. ~4.5! and the notion of the con-
stituent mass appears to be necessary only when one takes
into account the spin-dependent interaction and also the
string and self-energy corrections to the meson mass. In the
FFS representation all these terms are inversely proportional
to just the same auxiliary field m @1# which is strictly deter-
mined from the extremum condition due to the procedure of
canonical quantization and appears to be the kinetic energy
operator. However, to calculate these corrections the variable
m must not be used as an operator and we have defined the
constituent mass as the expectation value of the quark kinetic
energy. This definition of the constituent mass is in accord
with another one—the variational definition of the constitu-
ent mass used in Ref. @3#.
It is important that the constituent mass in our case de-
pends on the quantum numbers and increases with growing L
and nr .
Finally, instead of the string and self-energy corrections
considered in the next sections ~they are negative! in the
RPM a universal negative constant is introduced.
VI. THE STRING CORRECTION AND THE SLOPE OF
THE REGGE TRAJECTORY
It is known that for the Salpeter equation ~4.6! ~or for the
unperturbed Hamiltonian H˜ R
(1)) the squared masses M 02(nL)
can be approximated ~with an accuracy of about 1% for L
50) by the ‘‘string formula’’ @19#,
M 0
2~approx!58sL14ps~n13/4!. ~6.1!
The exact values of M 0
2(nL) together with those of
M 0
2(approx) (L<6,n50) are given in Table I from which
one can see that the differences between them are indeed
<1% for L>2.
As is clear from the approximation ~6.1!, the slope of the
Regge trajectory for the SSE is (8s)21, i.e., aL8
50.69 GeV22 for s50.18 GeV2, which is 17% smaller
than the experimental number Eq. ~2.3!, aL850.81
60.01 GeV22. Note that the string corrections which come
from the term Eq. ~3.5! are also proportional to L and there-
fore affect the Regge slope. The situation appears to be dif-
ferent in the two domains L<4 and L>5, respectively, and
we consider them separately.
A. Case A: Lˇ4
By the definition ~3.5! DHstr gives a negative correction
to the eigenvalues M 0(nL); its magnitude turns out to be5-6
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be considered as a perturbation @11#:
Dstr~nL !5^DHstr&
52
sL~L11 !
m0~nL !
K 1
r~6m01sr !L . ~6.2!
In Eq. ~6.2! we have used that the integral *0
1 db(b21/2)2 is
equal to 1/12 and the operators n and m were replaced by
their extremal values Eq. ~4.2! and Eq. ~4.4!. The factor in
angular brackets can also be approximated ~with an accuracy
better than 3%! replacing sr by ^sr&. Then the string cor-
rection is
Dstr~nL !52
sL~L11 !^1/r&
m0~6m01^sr&!
. ~6.3!
Due to the relations ~5.2! and ~5.8! for the linear potential the
correction Dstr becomes
Dstr52
sL~L11 !^1/r&
8m0
2
52
2s3/2^1/r&L~L11 !
M 0
2 . ~6.4!
Note that in Eq. ~6.4! the ME ^1/r&AL11 is almost con-
stant, varying from 0.787 for L51 to 0.741 for L54 ~see
Table VII, Appendix A!. The values of Dstr ~using the ME
^1/r& from Tables VIII and IX in Appendix A! are given in
Table II.
For comparison in Table II the string corrections valid for
large L (L>5) @see the asymptotic string correction for-
mula Eq. ~6.13!# are also given.
Now one can analytically calculate the Regge slope for
the ‘‘corrected’’ mass:
M ~nL !5M 0~nL !1Dstr~nL ! ~L<4 !; ~6.5!
then the squared mass
M 2~L !5M 0
2~L !2
4s3/2L~L11 !^1/r&
M 0
1Dstr
2
. ~6.6!
If one neglects Dstr
2 in Eq. ~6.6!, which is small
(<0.016 GeV2 for L<4), and uses the approximation ~6.1!
for M 0
2(L) then for the orbital excitations with n50 the
squared mass Eq. ~6.6! becomes
TABLE II. The string corrections Dstr in MeV and the mass
M 0(L) in GeV, for the ground states (L<6).
L 1 2 3 4 5 6
M 0(L) 1.7924 2.1549 2.4653 2.7412 2.9920 3.2234
Dstr(L) 252.9 286.9 2113.0 2132.7 2153.7 2170.7
Dstr(asym)a 2 2 2 2142.4 2182.9 2219.1
aFor L<3 the asymptotic formula Eq. ~6.12! is not applicable.03402M 2~L !58sL2s
A2^1/r&~L11 !
AL13p/8
13ps
5~aL8 !
21L13ps ~6.7!
where the inverse Regge slope in Eq. ~6.7! is
~aL8 !
215S 82 A2^1/r&~L11 !AL13p/8 D s5~6.9560.02!s .
~6.8!
The values of (aL8)21 are essentially constant ~see the
numbers in Table IX below!, varying from the value 6.930s
for L51 to 6.970s for L54, and we take here (aL8)21
5(6.9560.02)s . Then
M 2~L !56.95sL13ps ~6.9!
or
L50.144M 2~L !/s21.358. ~6.10!
It gives for s50.18 GeV2 the Regge slope
~aL8 !
2151.25 GeV2 or aL850.80 GeV22,
~6.11!
in good agreement with the experimental number given in
Eq. ~2.3! aL8(expt)50.8160.01 GeV22. Thus, due to the
string corrections we have obtained the correct Regge slope
for the spin-averaged masses. However, the intercept in Eq.
~6.10! has a very large magnitude and an additional contri-
bution to the meson mass must be taken into account. We
discuss this contribution in Sec. VII.
B. Case B: Large L
For large L the extremal value of the operator n is not
equal to sr but turns out to depend on the parameter b as
well as on the operator m(t). In this case it is a difficult
problem to find the exact eigenvalues M (asym) of the
Hamiltonian HR ; therefore in Ref. @11# the eigenvalues of
HR were calculated in the quasiclassical approximation with
the following result:
M 2~asym!52psAL~L11 !13ps . ~6.12!
Here, in the asymptotic mass formula ~6.12! the string cor-
rection is already taken into account and the constant 3ps is
kept to match the solutions for large L to those for L<4.
Now, for comparison one can formally define the string cor-
rection for large L as the difference between the asymptotic
mass Eq. ~6.12! and the unperturbed mass M 0(nL) Eq. ~5.2!:
Dstr~asym!5A3ps12psAL~L11 !2M 0~L !
~L@1,n50 !. ~6.13!
The asymptotic masses are less than M 0(L) Eq. ~4.6! for
L>4. The magnitude of Dstr is increasing with growing L
and for L56Dstr(asym) is already ’220 MeV.5-7
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one can see that for L54 both string corrections, from the
asymptotic formula Eq. ~6.13! and from Eq. ~6.5!, essentially
coincide and in what follows the string correction will be
taken in the form ~6.5! for L<4 and from Eq. ~6.13! for L
>5 @when the masses M (asym) are smaller; see Table III#.
For L@1 the Regge slope in Eq. ~6.13! is (2ps)21, i.e.,
for s50.18 GeV2, aL8(L@1)50.88 GeV22 is larger
than for L<4 and coincides with aJ8 for the r trajectory.
Such a picture is partly seen in experiment, where for L55
the difference M 2(a6)2M 2(r5) is relatively small and cor-
responds to the large value aL8’1.1 GeV22. However, this
growth of aL8 is likely to be connected with another
reason—an effective decrease of the string tension at large
distances due to new channels being opened. This effect is
considered in our paper @6#.
The calculated meson masses ~see Table III! still are large
compared to experiment and to get agreement between them
a negative constant ~a fitting parameter! must be added to the
squared mass M 2(nL) @13#. Here we shall not introduce a
fitting constant, but instead take into account the quark self-
energy correction to the meson mass.
VII. THE QUARK SELF-ENERGY CONTRIBUTION
AND MESON MASSES
Recently, it was observed that a negative constant must be
added to the meson mass, which comes from the nonpertur-
bative quark self-energy contribution created by the color
magnetic moment of the quark @14#. This constant is rather
large and was calculated with the use of the Fock-Feynman-
Schwinger representation of the quark Green’s function. The
total nonperturbative self-energy contribution, from both the
quark and the antiquark, was found to be fully determined by
the string tension and by the current mass ~flavor! of the
quark:
DSE~nL !52
4sh~ f !
pm0~nL !
. ~7.1!
Here m0(nL) is just the constituent mass defined by Eq.
~5.1!. The constant h( f ) depends on the flavor: its numerical
value for a quark of arbitrary flavor was calculated in Ref.
@14#; in particular, for the light mesons we take as in Ref.
@14#
h~nn¯ !50.90. ~7.2!
The self-energy terms, as well as the meson masses, are
given in Table IV for the ground states (n50,L<5) from
TABLE III. The squared masses M 25(M 01Dstr)2 in GeV2 for
the ground states (L<6, s50.18 GeV2).
L 1 2 3 4 5 6
(M 01Dstr)2 3.026 4.277 5.533 6.794 8.0567 9.319
M 2(asym)a 2 2 2 6.754 7.891 9.026
aSee the footnote to Table II.03402which one can see that DSE(L) decreases as a function of n
and L, being proportional to m0
21(nL). Still, it is rather large
~equal to 2300 MeV) even for L55.
With the self-energy and the string corrections taken into
account the spin-averaged meson mass M¯ (nL) is fully deter-
mined. The Coulomb correction will be discussed in the next
section and calculated in Appendix B.
The meson mass is now given by
M¯ ~nL !5M 0~nL !2
s^1/r&L~L11 !
m0~6m01^sr&!
2
4sh
pm0
~L<4 ! ~7.3!
and for the linear potential can be written as
M¯ ~nL !5M 0~nL !2
2s^1/r&L~L11 !
M 0
2 2
16sh
pM 0
, ~7.4!
using the relations ~5.2! and ~5.8!. The calculated meson
masses (L<4) coincide with good accuracy with the experi-
mental values ~see Table IV!.
For large L(n50)
M¯ 5A3ps12psAL~L11 !1DSE~L !. ~7.5!
VIII. THE INTERCEPT OF THE REGGE TRAJECTORY
From the mass formula ~7.4! it follows that the self-
energy term enters M¯ (nL) in such a way that the negative
constant C0,
C052
32sh
p
, ~8.1!
appears in the squared spin-averaged mass M¯ 2(L):
M¯ 2~nL !5~M 01Dstr!22
32sh
p
1S 16shpM 0 D
2
. ~8.2!
Here the terms Dstr
2 and Dstr DSE will be neglected, because
they give small contributions for L<4, while the term DSE
2 is
kept, since it is not small in all states. The constant C0 is
rather large and for s50.18 GeV2 is equal to 21.65 GeV.
Using the expression ~6.6! for the mass (M 01Dstr)2 and Eq.
~6.1! for M 0
2
, Eq. ~8.2! can be presented as
M¯ 2~L !5~aL8 !
21L1b~L !, ~8.3!
with
b~L !5sF3p2 32hp 1 32h2p2~L13p/8!G
~LÞ0 !,5-8
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GeV for the ground states (s50.18 GeV2, h50.9).
L 0 1 2 3 4 5
DSE(L) 20.616 20.460 20.383 20.335 20.301 20.294
M¯ (0,L) 0.723 1.279 1.685 2.017 2.30 2.514a
M¯ expt(0,L) 0.612 1aJ(1.252) p2(1.67) a4~2.014! r5 a6(2.4560.13)
1 f J(1.245) r3(1.69) f 4(2.034) 2.3360.04 f 6(2.4760.050)
v3(1.67)
aThis mass was calculated from the asymptotic formula ~6.12!.b~L50 !5sF 3p2 32hp 1 256h2p2M 02~1S !G , ~8.4!
where for M 0(L50) it is better to use the exact value,
M 0(1S)53.157As and aL8 was already defined by the ex-
pression ~6.8!. From Eq. ~8.3! the intercept is
aL~0 !5aL~M 250 !52aL8b~L50 !
52
b~L50 !
6.95 s . ~8.5!
Note that in b(L) the combination (3p232h/p)s is a small
number ~equal to 0.046 GeV2 for s50.18 GeV2) and
therefore for the intercept the contribution of the self-energy
term DSE
2 is dominant.
From Eq. ~8.4! it is clear that b(L) is sensitive to the
value of the flavor factor h , which may introduce an uncer-
tainty on the order of 5%.
With the use of the analytical expression ~8.4! and the
exact value of M 0(L50), h(nn¯ )50.90, the quantity b(L
50) is equal to
b~L50 !52.365s . ~8.6!
Then the intercept given by Eq. ~8.5! takes the value
aL~0 !52~aL8 !b~L50 !522.356/6.95520.34.
~8.7!
This number is in good agreement—larger by only 10%—
with the experimental value aL(0)520.3060.02. It is es-
sential that the intercept does not depend on the string ten-03402sion but instead is sensitive to the flavor parameter h . Just
for this reason the intercept for the mesons with different
flavor depends on the flavor.
So, finally, the Regge L trajectory calculated in the QCD
string approach with s50.18 GeV2 is fully determined,
L50.80M¯ 2~L !20.34, ~8.8!
and appears to be very close to Eq. ~2.3!, obtained from a fit
to the experimental spin-averaged meson masses ~see Fig. 1!.
From Eq. ~8.8! the averaged mass M¯ (p2r) is found:
M¯ 2~1S !50.425 GeV2 or M¯ ~1S !50.652 GeV,
~8.9!
which corresponds to a p-meson mass M¯ (p)5301 MeV.
This number turns out to be smaller than M (1S)
50.723 GeV calculated directly from Eq. ~6.5! and this dis-
crepancy illustrates how sensitive M¯ (1S) is to the approxi-
mations used.
IX. COULOMB INTERACTION
In the previous sections good agreement of the spin-
averaged meson masses ~for the ground states with L5 0)
was obtained without taking into account the Coulomb inter-
action. It is of interest to check whether the Coulomb effects
are actually suppressed for L>0 states and how large is the
Coulomb correction to M¯ (p2r).
To this end we solve the Salpeter equation with the string
potential taken as a linear plus Coulomb term, i.e., with the
Cornell potentialTABLE V. The spin-averaged masses M¯ C(L) in GeV, theoretical and experimental, for the ground states
(n50) (s50.19 GeV2, as50.39).
L 0 1 2 3 4 5
M¯ C(L) 0.632 1.220 1.650 2.00 2.29 2.51
M¯ expt(L) 0.612 M¯ ( f J)51.24 p2(1.66) a4(2.014) r3(2.30) a6(2.45)
r3(1.69) f 4(2.03) f 6(2.47)
M¯ (aJ)51.25 v(1.65)
v3(1.67)5-9
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4
3
as
r
, ~9.1!
where as5const can be used, since the light mesons have
very large sizes, R>1.0 fm, and at such distances the strong
coupling is saturated and close to the ‘‘freezing’’ value @15#.
If for the string tension one takes s50.19 GeV2, then the
fitted value of as appears to be just the same as for heavy
quarkonia @20,21#,
as50.39. ~9.2!
However, the masses of the ground states, including the 1S
state, can be nicely described with a smaller value for the
coupling constant, 0.20<as<0.39, if correspondingly the
value of s is taken from the range 0.18 GeV2,s
<0.19 GeV2.
The main characteristics of the qq¯ system like the eigen-
values M C(nL) of Eq. ~4.6! using the Cornell potential, the
constituent masses mC(nL) defined by Eq. ~5.1! together
with the string and the self-energy corrections are presented
in Appendix B in Tables X and XI. Here in Table V we give
only the results of our calculations for the spin-averaged
masses M¯ C(nL). Note that in the Coulomb case the relation
~5.2! is not valid and therefore the meson mass M¯ C(nL) as
well as Dstr and DSE should be written through the constitu-
ent mass ~denoted as mC(nL) as in Eq. ~7.3! ~see Table X
where the eigenvalues are given for s50.19 GeV2, h
50.90, and as50.39).
With the use of the string and the self-energy corrections
from Table XI the spin-averaged meson masses M¯ C(L), Eq.
~7.3!, are determined and their values are given in Table V
together with the experimental numbers.
TABLE VI. The exact and perturbative Coulomb corrections
EC(L) ~in MeV!.
L 0 1 2 3 4 5
EC(exact) 2219 2132 2103 286.7 276.2 268.8
EC(pert) 2194 2126 299.4 284.9 275.1 268.1
Difference 11.4% 4.5% 3.5% 2.0% 1.4% 1.0%
TABLE VII. The eigenvalues M 0(nS), constituent masses
m0(nS),m˜ 0(nS), and matrix elements ^1/r& ~in GeV! for the Sal-
peter equation ~4.6! and the Airy equation ~5.4! with the linear
potential sr (s50.18 GeV2, L50).
n 0 1 2 3 4
M 0(nS) 1.3394 1.9980 2.4985 2.9151 3.2797
m0(nS) 0.3348 0.4995 0.6246 0.7289 0.8199
m˜ 0(nS) 0.3519 0.5351 0.6703 0.7826 0.8807~3!
^1/r& (SSE) 0.3638 0.3299 0.2959 0.2734 0.2559~5!
^1/r&a (EA) 0.3328 0.2669 0.2334 0.2118 0.1996~5!
aThese MEs are calculated from Eq. ~18! with m˜ 0(nS) defined by
Eq. ~20!.034025If now one compares the meson masses M¯ C(L) with
those for the linear potential from Table III, one can see that
in the Coulomb case for the 1S and 1P states a better agree-
ment with the experimental numbers is obtained; however, in
the Coulomb case the string tension appears to be larger, s
50.19 GeV2. The calculated mass M¯ C(1S)50.632 GeV is
very close to the value Eq. ~8.9! from the Regge trajectory
Eq. ~8.7!.
Now the Coulomb correction can be formally defined as
the difference between the exact eigenvalues M¯ C(L) and
M¯ (L):
EC~exact!5M¯ C~nL !2M¯ ~nL !, ~9.3!
and compared with the Coulomb corrections EC(pert):
EC~pert!52
4
3 as^1/r&, ~9.4!
obtained when the Coulomb interaction is considered as a
perturbation ~see Table VI!. In Eq. ~9.4! the ME ^1/r& is to be
taken for the linear potential with the same s as in the Cor-
nell potential.
The numbers in Table VI demonstrate that the exact and
perturbative corrections coincide with an accuracy better
than 5% for all states with L.0 ~for the 1S state the differ-
ence is 11%! and therefore these corrections can be calcu-
lated as a perturbation.
For the nL states one should also take into account the
difference between the exact constituent mass mC(L) and
m0(L) for the linear potential; they are related as follows:
mC~1L !’m0~1L !1uECu/3 ~n50 !,
TABLE VIII. The matrix elements ^1/r3& (GeV3), mass eigen-
values M 0(nP) (GeV), and constituent masses m0(nP) and
m˜ 0(nP)(GeV) for the P-wave states (s50.18 GeV2).
n 0 1 2 3 4
M 0(nP) 1.7924 2.3153 2.7505 3.1291 3.4682
m0(nP) 0.4481 0.5788 0.6876 0.7823 0.8671
m˜ 0(nP) 0.4620 0.6115 0.7320 0.8335 0.9278
^1/r3& (SSE) 0.0264 0.0422 0.0539 0.0635 0.0718
^1/r3&a (EA)5m˜ s/4 0.0208 0.0275 0.0329 0.0376 0.0417
aSee the footnote to Table VII.
TABLE IX. The constituent masses m0 (GeV) and the matrix
elements ^1/rk& (GeVk), (k51,3) of the SSE for the ground states
(n50)(s50.18 GeV2, L<6).
L 1 2 3 4 5 6
m0(0L) 0.4481 0.5387 0.6163 0.6853 0.7480 0.8058
^1/r& 0.2362 0.1867 0.1589 0.1406 0.1274 0.1173
^1/r&AL11 0.787 0.762 0.742 0.741 0.736 0.732
^1/r3& 0.0264 0.0098 0.0054 0.0035 0.0026 0.0019-10
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This correction to the constituent mass is mostly important
for the 1S state. For larger n the difference between mC and
m0 can be neglected. As seen from Table VI, due to the
Coulomb interaction all masses are shifted down by an
amount in the range of 70 to 200 MeV and therefore a larger
value of s is needed, s50.19 GeV2 for as50.39, than for
the linear potential.
However, one cannot take an arbitrary or too large value
for s , otherwise the Regge slope aL8 would be small and in
contradiction with the experimental value. Therefore, in the
Coulomb case only values s50.1960.10 GeV2 are al-
lowed. Then to obtain agreement with experiment using s
<0.20 GeV2 a restriction on the value of the strong cou-
pling constant is found:
as<0.40 ~s<0.20 GeV2!; ~9.6!
otherwise correct numbers for the Regge slope and the inter-
cept cannot be obtained simultaneously.
This upper limit ~9.6! for as appears to be in accord with
the freezing value of the two-loop aB(q250)50.45 ~with
the QCD constant L (3)5330 MeV, N f53) obtained in
background field theory @15#.
X. CONCLUSIONS
In the framework of the QCD string approach the spin-
averaged meson masses with L<5 (n50) have been calcu-
lated and expressed through a single parameter—the string
tension s and a set of universal numbers. In this approach
the kinetic energy is of the same type as in the spinless
Salpeter equation. The constituent mass and the nonperturba-
tive quark self-energy are calculable and also depend on the
string tension only.
This is the first time accurate predictions for the meson
masses have been obtained by relying on one parameter only
that is directly connected to the confinment mechanism in
QCD.
The analytical expressions for the slope and the intercept
of the Regge L trajectory ~when the spin splittings are not
taken into account! have been deduced, giving rise to a value
aL85(6.95s)2150.80 GeV22 (s50.18 GeV2) which co-
incides with the experimental number. This L trajectory can
be considered as a universal one since in the approximation
TABLE X. The eigenvalues M C(L), the constituent masses
mC(L), and the ME ^1/r& ~in GeV! for the SSE with the Cornell
potential for the ground states (n50) (s50.19 GeV2, as50.39).
L 0 1 2 3 4 5
M C(L) 1.157 1.710 2.111 2 446 2.740 3.005
mC(L) 0.415 0.496 0.580 0.656 0.710 0.745
^1/r&L 0.484 0.266 0.202 0.170 0.145 0.130034025of closed channels it does not depend on spin and isospin.
It is shown that the Regge intercept does not depend on s
and a(M50)(theory)520.34 turned out to be only 10%
larger than a(M50) (expt)520.3060.02. From this inter-
cept M¯ (1S)5652 MeV corresponds to a p-meson mass
equal to 300 MeV ~chiral effects have been neglected here!.
For all orbital excitations with L5 0 the calculated masses
are in a good agreement with existing experimental data.
In order to obtain this good agreement with the data we
find it necessary to impose a restriction on the value of as
that is in accord with the freezing picture.
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APPENDIX A: DETAILED SPECTRA
The eigenvalues and the wave functions of the SSE were
calculated with the help of the code used before @21,22#. The
eigenvalues and relevant matrix elements are given in Tables
VII and VIII for the linear potential and in Tables X and XI
in Appendix B for the Cornell potential.
From Table VIII one can see that the difference between
the ME ^1/r3& for the SSE and the Airy equations for the
P-wave states turn out to be large, reaching 40% for n>2.
As briefly discussed in Sec. III the reason behind these dif-
ferences lies in the different asymptotic behaviors of the
eigenfunctions of these two equations. In Table IX we also
give the constituent masses Eq. ~4.6! and the ME ^1/r& and
^1/r3& for the ground states (n50) with L<6.
The calculated ME ^1/r& is used to obtain the string and
Coulomb corrections, while the ME ^1/r3& can be used to
calculate the hyperfine and fine-sructure splittings for the
mesons with L5 0.
From Table X one can see that in the Coulomb case the
constituent masses mC(1S) and mC(1P) are larger by 29%
and 10%, respectively, than for the linear potential ~see Table
VIII! and therefore DSE is smaller for them.
APPENDIX B: RESULTS FOR THE CORNELL POTENTIAL
In this appendix we present in Tables X and XI some
auxiliary values for the Cornell potential.
TABLE XI. The string and self-energy corrections ~in GeV! for
the SSE with the Cornell potential (s50.19 GeV2, as50.39).
L 0 1 2 3 4 5
Dstr 0 20.051 20.086 20.112 20.075 20.068
DSE 20.525 20.439 20.375 20.332 20.307 20.282-11
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